Abstract: In this paper, some aspects of the determination of the concentration profile during diffusion in NiAlTi and CMSX4 systems are shown by means of numerical simulations. The results are compared with experiments. The bivelocity method is used to show the evolution of the three-component multiphase system. The simulations present that the local entropy production allows for determination of the profiles in complicated systems.
Introduction
Many materials are multicomponent alloys and consist of several grains and phases. Their macroscopic properties and reliability highly depend on the microstructureKirkendall and Frenkel effects occur [1, 2] -and its evolution in time. It has been shown extensively that the phase-field technique is capable of dealing in a phenomenological and also quantitative way with the complex processes and morphologies involved in microstructure evolution [3] [4] [5] [6] [7] [8] [9] .
Nowadays, the phase-field technique is very popular for simulating processes at the mesoscale level [8] . The range of applicability is growing quickly, among other reasons because of increasing computer power. Besides solidification [5] and solid-state phase transformations [4] , phasefield models are applied for simulating grain growth [10] , dislocation dynamics [11] [12] [13] , crack propagation [14, 15] , electromigration [16] , solid-state sintering [17] [18] [19] and vesicle membranes in biological applications [20, 21] .
The first reactive diffusion studies were started in 1920 when Tammann discovered the parabolic law of growing layers [22] . The reaction diffusion process in binary systems was investigated by many authors, and the equations for any number of phase layers are well known. The most established model was developed by Du et al. and Gusak [20, 23] , Gosele and Tu [24] and Dybkov [25] . In these models, the mass conservation law at phase boundary was established as follows:
where
denotes the molar ratio of component at the left side of j + 1th phase, X j ð Þ is the position of the jth phase boundary, J j ð Þ R denotes the flux of the component at the right side of the jth phase. The flux of the component in the binary reactive system can be defined by Wagner's integrated coefficient [20] :
is the effective diffusion coefficient averaged over the phase. The Darken interdiffusion coefficient can be defined asD
where c denotes the concentration, D * i self diffusion coefficient and g Gibbs energy per one atom.
The phase competition in ternary system is much more sophisticated then in binary one. In binary system, all of the phases sooner or later will appear, in ternary some phases cannot grow during the process. Moreover, the diffusion path is not well determined in complicated multiphase systems. The main question is what phases will grow during the diffusion -in other words -what is the relaxation path (diffusion path) during the process. In this paper, the local entropy production will be used to formulate the additional criteria for the diffusion path determination. The experimental results of diffusion between βNiAl and Ti will be presented. Then, the formation of aluminides on CMSX4 by chemical vapor deposition (CVD) technique will be discussed. The original model describing the coating formation will be presented.
Thus, the aim of this paper is to present the differences in modeling the reactive diffusion processes in pseudo-binary (NiAl-Ti -the small deviation from stoichiometry) and ternary (CMSX4 -two-phase zones formed) systems. The manuscript pointed out the attention on the problem of the uniqueness of diffusion path determination in complicated systems. The additional criteria in ternary and higher systems should be formulated to solve the problem. It is proposed that such criterion could be the entropy production optimization during the diffusion process.
The modeling of multiphase reactive diffusion systems
In the previous papers, the generalized Darken method was used for modeling the reactive diffusion system in multiphase materials. The mass conservation law was written by average concentration values [26] :
The average composition of the system in the spatial region is a weighted average of the compositions of the phases in the equilibrium, i. e. the compositions described by the tie-line ends. The mass balance expressed for each component says:
where f j denotes the volume fraction in a two-phase region, c j i and υ j i are the concentration and overall velocity of the ith component in the jth phase:
The solution of the above equations is very sophisticated and time-consuming. Thus, the simple model is necessary for quick simulations. In fact, the important question should be answered before modeling, i. e. is the system form the phases with low deviation from stoichiometry? If yes, and if we know the sequence of newly formed phases then the similar model as in two component system can be used. Such system is formed between βNiAl and Ti diffusion couple. To calculate the evolution of concentration and kinetics, eqs (1)- (3) can be used. However, if the phases have high solubility and two-phase zones (in ternary systems) are formed, e. g. CMSX4, then more sophisticated model should be used. In the literature are many models which are trying to deal with the problem. The most known is Morral model, where the mass conservation is defined by effective diffusion matrix [27, 28] :
where c is a one-column average concentration matrix. The effective diffusivity, D eff Â Ã , is a product of diffusivity in the α phase (the diffusion through β phase is neglected); and transformation matrix, c TM Â Ã [29] :
Each of the above derivatives describes a change of the composition of the ith component with regard to the change of the average concentration of the kth component in the two-phase mixture. The calculations of these derivatives is time-consuming and not a easy task. Moreover, the boundary functions between the phases should be introduced. Another possibility was formulated by H. Eyring in his famous "reaction rates theory" [30, 31] . The following diffusion flux expression in the lattice-fixed frame of reference [28] was proposed:
where N α k and N β k denote the mole fraction of element k in α and β phases, respectively; B k is the mobility and Δ μ k is the difference in chemical potentials. The difference in chemical potential should fulfill the assumption of minimized Gibbs energy (maximized entropy production in the system). Note that under some conditions the flux eq. (9) can be simplified. Mainly, for small arguments sinh ε ð Þ ε and approximate that
Equation (10) is denoted in literature as Nernst-Planck flux equation.
The method for calculation of the diffusion when the intersection points of the diffusion path with phase boundary are known [23] is based on the mass conservation in each phase. The overall flux is then divided into two parts: the diffusion and drift parts:
where the drift velocity (the velocity of inert marker) fixed to the lattice is given by
where Ω denotes the molar volume of the mixture.
The Eyring diffusion flux, eq. (9) can be introduced into eq. (11) in two-phase zone. In eq. (9) the mobility is in fact the effective mobility defined for example by Wiener bounds [32] or Hashin-Shtrikman bounds [33] . The Wiener bounds (lower and upper) derived only on the basis of information about the fraction of the various phases under consideration are
where f i is the volume fraction of the ith phase and B i k is the mobility of the kth component in the ith phase. The HashinShtrikman bounds for Fe-Cr-Ni α=γ alloys are
Here, the above models will be supplemented with the calculations of the equilibrium molar fractions of the components from the extreme of the entropy production over the phase boundary (Figure 1 ), eq. (15). Thus, the intersection points of phase boundary with diffusion path will be determined by calculating the extreme of the entropy production:
When the equilibrium molar fractions are known, then the diffusion in each phase separately can be calculated by well-known mass conservation law.
Results
In this paragraph, the results of the simulation of the diffusion process in βNiAl-Ti and CMSX4 after aluminization will be shown. The βNiAl-Ti system forms the following diffusion path:
The integral diffusion coefficients at 1,173 K in each phase (equal for each component) will be used (Table 1) . Thus, using eqs (1)- (3) the concentration of the components can be calculated (Figure 2) .
The simulation of diffusion in ternary system with large solubility zone like CMSX4 is the more difficult Figure 1 : The schematic presentation of the determination of the equilibrium molar ratio over the phase boundary (the intersection point). Lines denote the phase boundary, the circles -diffusion path and rectangle -possible place where the diffusion path will cross the α phase. task. The places between βNiAl|γ′ and γ′|γ where the diffusion path will cross the phase boundary should be calculated by entropy production. The results of the entropy production calculations over the phase boundaries are presented in Figure 3 .
The entropy production over the phase boundary between the βNiAl|γ′ is a monotonic function over the whole search range. Thus the most probable place the diffusion path will cross, the phase boundary will be at the end of the search region. However, on the boundary between γ′|γ phase the extreme exists. Thus the diffusion path will cross at the extreme position. The place where diffusion path will cross the γ′ phase can be approximated by the conodes (tie lines) over the system. Mainly, the local equilibrium can be assumed. The positions, where the diffusion path will cross the phase boundaries, are shown on the Ni-Al-Cr phase diagram ( Figure 4 ). When all points are calculated the diffusion path from the experiment can be compared with the calculations. In Figure 5 such comparison is shown.
Conclusions and discussion
The problem of simultaneous growth and competition of intermediate phases during reactive diffusion is solved in binary systems by many authors, e. g. [34] . The method predicts the well-known linear-parabolic growth law for the single phase growth. A denotes the equilibrium concentration in phase) will first grow. In ternary and higher systems, the position where diffusion path will cross the boundary should correspond also to the diffusion flux. In fact, it is true by entropy production calculations. During this calculation, we are searching the nearest place at the phase boundary to the end member of the diffusion couple. Moreover, such nearest place is calculated by the extreme of the squared diffusion flux (note that eq. (15) can be rewritten as: σ = − Finally, the following conclusions can be drawn: 1. The interdiffusion in pseudo-binary Ti-βNiAl and ternary Ni-Al-Cr systems was studied in the temperature of 1,173 and 1,273 K, respectively. It was presented that in case of Ti-βNiAl the mathematical model for binary reactive diffusion process can be used. The calculations of ternary Ni-Al-Cr system should include additional criterion for determination of unique diffusion path -entropy production. 2. The Wagner(s) diffusion coefficients were determined in Ti-βNiAl system. It was presented that the diffusion coefficients increase over the diffusion pathi. e. D 3. It was demonstrated that the entropy production calculations could be used for determination of the positions at the phase diagram where the diffusion path cross the phase boundaries. The calculations of the diffusion path in ternary Ni-Al-Cr system proved the useful of the method.
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